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Abstract
We investigate the quantum field aspects in flat spacetime for an uniformly
accelerated observer moving in a thermal bath. In particular, we obtain an ex-
act closed expression of the reduced density matrix for an uniformly accelerated
observer with acceleration a = 2piT when the state of the quantum field is a
thermal bath at temperature T ′. We find that the density matrix has a simple
form with an effective partition function Z being a product, Z = ZTZT ′ , of two
thermal partition functions corresponding to temperatures T and T ′ and hence
is not thermal, even when T = T ′. We show that, even though the partition
function has a product structure, the two thermal baths are, in fact, interact-
ing systems; although in the high frequency limit ωk ≫ T and ωk ≫ T ′, the
interactions are found to become sub-dominant. We further demonstrate that
the resulting spectrum of the Rindler particles can be interpreted in terms of
spontaneous and stimulated emission due to the background thermal bath. The
density matrix is also found to be symmetric in the acceleration temperature
T and the thermal bath temperature T ′ indicating that thermodynamic experi-
ments alone cannot distinguish between the thermal effects due to T and those
due to T ′. The entanglement entropy associated with the reduced density ma-
trix (with the background contribution of the Davies-Unruh bath removed) is
shown to satisfy, in the ωk ≫ T ′ limit, a first law of thermodynamics relation
of the form TδS = δE where δE is the difference in the energies correspond-
ing to the reduced density matrix and the background Davies-Unruh bath. The
implications are discussed.
∗sanved@iucaa.ernet.in
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1 Introduction
It is well known that an uniformly accelerating observer in a flat spacetime sees the
Minkowski vacuum state of a quantum field to be thermally populated with temper-
ature T = a/(2pi) where a is the magnitude of the observer’s acceleration [1, 2]. In
fact, the reduced density matrix corresponding to Minkowski vacuum state obtained
by ignoring the quantum degrees of freedom hidden behind the casual horizon, has a
form identical to that of a thermal density matrix with temperature T = a/(2pi).
It is then interesting to ask, what does the uniformly accelerated observer see when
the state of the quantum field is itself in a thermal state with some different temperature
T ′? In particular, what is the form of the reduced density matrix when the state of the
quantum field is a thermal bath at temperature T ′ given the magnitude of acceleration
of the accelerating observer is a = 2piT ? (see also [3])
One would like to know whether the reduced density matrix, in this case too, has
a thermal form or atleast, in some frequency domain allows us to define an effective
temperature Teff (T, T
′) for the resulting system. If so, then it would be further inter-
esting to investigate the relationship between Teff and the two temperatures T and
T ′); whether it is simply linearly related as T + T ′ or as T 2 + (T ′)2, etc which may
allow one to construct a notion of a thermodynamic principle of equivalence. This
remark is with keeping in view the geometrical result of [4] where it was shown that,
for de-sitter spacetime, the resulting temperature detected by a constantly accelerating
detector is a simple Pythagorean sum of the acceleration temperature and the de-sitter
temperature. Also, for the special case T = T ′, one would like to investigate whether
the two thermal baths corresponding to T and T ′ equilibriate with each other or does
one see physical effects due to deviations from thermal equilibrium, in particular, what
is the frequency distribution of Rindler particles for such a non-equilibrium case?
Another related issue is the following: consider a hot object, say a cup of tea, moving
on an inertial trajectory in a flat spacetime. Let the object have some temperature
T ′, entropy S ′ and average thermal energy E ′ measured with respect to the inertial
frame. Since the trajectory is inertial, it will eventually cross a X = T null surface
corresponding to some Rindler observer with acceleration say a = 2piT . This Rindler
observer will also associate an entropy S and energy E with the object which are
different from the quantities defined in the inertial frame due to the difference in
notion of particle content for the inertial and accelerated observer. For example, in
the case of the Minkowski vacuum state of the quantum field, it is known that the
Rindler observer measures a non-zero entanglement entropy (assuming divergences
are regulated) of the (thermal) field whereas for the inertial observer, the entropy is
identically zero corresponding to the pure state. Further, from the perspective of the
Rindler observer, when the hot object crosses the Rindler horizon (or approaches a
Planck length distance to the horizon), he will associate a loss of entropy with this
process. It has been argued earlier ([5], section 4.4 of [6]) that this loss of entropy is
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related to the energy of the object as S = E/T where T is the Unruh temperature of
the Rindler horizon (and not the temperature of the object itself !). However, a full
quantum derivation of this result is still unknown.
We address these issues in this paper. A related aspect pertaining to the indistin-
guishability of thermal and quantum fluctuations was discussed in a separate paper [7].
Here, we present a full detailed derivation of the reduced density matrix corresponding
to an uniformly accelerated observer moving with acceleration a = 2piT in a thermal
bath with temperature T ′ and discuss further various physical aspects associated with
the result. The paper is organized as follows. In section 2, we calculate the required
reduced density matrix and show that it has a simple form given by
ρk(n) = Z
−1
k (1− Z−1k )n (1)
where n is the number density. The effective partition function Zk has a simple prod-
uct structure given in terms of two thermal partition functions with temperatures T ′
and T as Zk = Z
T
k Z
T ′
k . Hence, we find that the reduced density matrix is not thermal
even when β = β ′. We argue that, even though we obtain a product structure, the two
thermal baths cannot be considered to be non-interacting with each other; although in
the high frequency limit ωk ≫ T and ωk ≫ T ′, we do find that the interactions become
sub-dominant. We further show that the resulting spectrum of the Rindler particles
can be interpreted in terms of spontaneous and stimulated emission due to the back-
ground thermal bath. The reduced density matrix is found to be symmetric under
the exchange of the acceleration temperature β−1 and the thermal bath temperature
(β ′)−1. This shows that, within the thermodynamic domain, Rindler observers cannot
distinguish between the effects due to the thermal bath temperature from those due to
the acceleration temperature. In section 3, we compute the entanglement entropy as-
sociated with the reduced density matrix (with the background contribution removed)
and show that it satisfies, in the β ′ω ≫ 1 regime, a first law of thermodynamics re-
lation of the form δS = βδE where δE is the difference in the energies corresponding
to the reduced density matrix and the background Unruh bath. The conclusions are
discussed in section 4.
2 Rindler Observer in a thermal bath
In this section, we obtain an exact closed expression of the reduced density matrix for
an uniformly accelerated observer with acceleration a = 2piT when the state of the
quantum field is a thermal bath at temperature T ′.
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2.1 The setup: Reduced density matrix formalism
Below we briefly summarize the basic idea involved. We consider the quantum field to
be a scalar field obeying the dynamics of the Klein Gordon equation. Given a state ΦM
of the scalar field one can define a density matrix ρM = |ΦM〉〈ΦM | with which one can
calculate the expectation value required of any given physical observable. Instead of a
pure state, one could also have the system described by a mixed state in which case the
density matrix is given as ρM =
∑
i fi|φi〉〈φi|. One example, relevant for our purpose
here, is a mixed state defining a thermal bath. Once the ρM of a system is known,
one could in principle infer all the statistical properties of the system such as expecta-
tion values of physical observables, their mean square deviation (all higher moments as
well), etc. Thus, the knowledge of ρM is sufficient to solve the physical problem at hand.
Further, one has the freedom to express or expand the density matrix ρM in terms of
any complete set of basis vectors. The eigenstates of the Minkowski Hamiltonian HM
denoted as |Mn〉 is one such natural basis. Let us denote the annihilation and creation
operators corresponding to the positive and negative Minkowski planes wave modes as
ak and a
†
k respectively. The eigenstates corresponding to both the left and right Rindler
Hamiltonian together, also form another basis eigenstates. We denote |Ln〉 and |Rn〉
to be these eigenstates respectively and (b†(L)k, b(L)k) and (b
†
(R)k , b(R)k) to be the cre-
ation and annihilation operators corresponding to the left and right Rindler positive
negative frequency modes respectively. Next, consider an observer whose time-like tra-
jectory is restricted completely inside the right Rindler wedge X > |T |. He will have
his physical observables, denoted by O(b†(R)k , b(R)k), depend only on the right Rindler
operators (b†(R)k , b(R)k) and independent of the left Rindler operators (b
†
(L)k, b(L)k). The
expectation value of O for a given state of the field described by ρM is then
〈O〉 = Tr(ρMO)
=
∑
p,q
〈p|R ⊗ 〈q|L (ρMO) |Lq〉 ⊗ |Rp〉
=
∑
p
〈p|R (ρrO) |Rp〉 (2)
where we have used the independence of O on the left Rindler operators (b†(L)k, b(L)k)
and defined the reduced density matrix as
ρr =
∑
q
〈q|L ρM |Lq〉 (3)
It is evident from Eq.[2] that the knowledge about the reduced density matrix ρr
is sufficient to determine the relevant expectation values in the right Rindler wedge.
Following an identical procedure, one can similarly define a reduced density matrix for
an observer restricted to the left Rindler wedge by tracing over the eigenstates of the
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right Rindler Hamiltonian. The reduced density matrix formalism applies to all those
cases where certain observables depend only on a subset of total degrees of freedom
of the system and in the present context, we have the casual horizon at X = T or
X = −T acting as a natural cutoff boundary for observers restricted to the right or
left Rindler wedges respectively.
2.2 Reduced density matrix for the vacuum state
For the Minkowski vacuum state we have ρM = |0M〉〈0M |. The corresponding reduced
density matrix ρr for the right (or the left) Rindler observer obtained by tracing over
the left (or the right) Rindler eigenstates turns out to be a thermal density matrix
with temperature β−1 = a/2pi. This is the well known Unruh effect [2]. The form of
the thermal reduced density matrix is as follows
ρunruh =
∏
k
C2k
∑
n
e−nβωk |Rnk〉〈nk|R
=
∏
k
C2k
∑
n
e−nβωk
(b†(R)k)
n
√
n!
|0R〉〈0R|(b(R)k)
n
√
n!
(4)
where C2k is the normalization constant. The number density of particles in the above
distribution is the well known Planckian
〈Nk〉 = Tr[ρunruhb†(R)kb(R)k]
=
1
(eβωk − 1) (5)
In the next section, we consider the case when ρM is a thermal density matrix.
2.3 Reduced density matrix for a thermal bath
Our aim here is to obtain the form of the reduced density matrix ρr corresponding to
the left (or the right) Rindler observer when the scalar field is described by a thermal
density matrix with a temperature (β ′)−1. For this purpose, one would ideally like to
define the density matrix for the scalar field to be given by ρM =
∏
k e
−β′Hk where
Hk is the Minkowski Hamiltonian, Hk = ωka†kak. Next one would like to expand ρM
completely in terms of the left and right Rindler operators and eigenstate basis. The
final step would be to take a trace of the left (or the right) eigenstates and obtain the
reduced density matrix.
However, this process turns out to be algebraically untractable and obtaining an
exact closed form of the reduced density matrix is not possible. This is due to the well
known mode mixing property of the Minkowski operators. For example the annihilation
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operator ak corresponding to a single Minkowski mode k is a function of left and right
Rindler operators at all Rindler frequencies, that is, ak = f
(
bk1 , bk2 , bk3, ..., b
†
k1
, b†k2 , ...
)
and hence, a Minkowski plane wave mode of frequency ωk mixes with Rindler plane
wave modes of all frequencies.
To avoid the issue of mode mixing, we exploit a trick due to Unruh [2]. Instead of
the usual Minkowski plane wave modes, we work with Unruh modes U
(1)
k , U
(2)
k [2, 8].
These are constructed as particular linear combinations of the usual Minkowski plane
wave modes. There are two sets of operators d†1k, d1k and d
†
2k, d2k corresponding to the
these Unruh modes (U
(1)
k , U
†(1)
k ) and their complex conjugates (U
(2)
k , U
†(2)
k ).
The Unruh modes have the following two important properties which make the
present problem tractable. First, both U
(1)
k and U
(2)
k are linear combination of only the
positive frequency Minkowski plane wave modes and hence their complex conjugates,
U
†(1)
k and U
†(2)
k , are a linear combination of the negative frequency Minkowski plane
wave modes. Due to this, the positive and negative modes do not mix with each other
and hence the annihilation operators corresponding to positive frequency Minkowski
modes as well as the positive frequency Unruh modes annihilate the same state, vis-
a-vis, the Minkowski vacuum state. Second, consider an Unruh mode of frequency k.
When expanded in terms of the left and right Rindler modes, it depends only on the
k and −k Rindler frequencies, thus avoiding the mode mixing problem.
We proceed by choosing one of the two set of Unruh operators, say d†1k, d1k, and
construct the thermal density matrix as ρth = e
−β′H where H = ∑k ωkd†1kd1k. Here,
one should note that H is not the usual Hamiltonian HM of the quantum field but
rather an effective Hamiltonian for a subsystem consisting of only the Unruh particles
corresponding to the operators d†1k, d1k. However, since the vacuum state for H is
same as that for HM, the thermal bath constructed consists of particles created by
excitations over the usual Minkowski vacuum state. In terms of the Minkowski basis
eigenstates, ρth is defined to be
ρth =
∏
k
B2k
∑
m
e−mβ
′ωk
(d†1k)
m
√
m!
|0M〉〈0M |(d1k)
m
√
m!
(6)
where B2k is the normalization constant. Further, comparing the above form of the
density matrix with that of the thermal density matrix in Eq.[4], we can see that
ρth defined is a thermal density matrix with the parameter (β
′)−1 interpreted as the
temperature of the thermal bath. Here, instead of the thermal bath of Unruh particles
corresponding to d†1k, d1k, we could have constructed ρth in terms of H′ = d†2kd2k as
well. However, since the subsystems corresponding to H and H′ are different and
asymmetric in terms of the left and right Rindler modes (since d†1k and d
†
2k are, by
definition, asymmetric in terms of the left and right Rindler creation and annihilation
operators), one has to trace over different set of left or right modes in each case to
avoid tracing over the thermal bath itself. For example, in the case of H, one must
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trace over the right modes since d†1k depends on the left Rindler creation operator and
the right Rindler annihilation operator. Similarly, in the case of H′, one must trace
over the left Rindler modes.
The choice of our ρth also avoids the non-stationarity issues one encounters in the
case of a thermal bath of Minkowski particles. It is known that the detector response
of an Unruh-deWitt detector coupled to a ρthM = e
−β′HM is not a constant and is a
function of the proper time along the trajectory [9]. This due to the fact that the
commutator
[
HbL, ρ
th
M
]
6= 0, where HbL is the left Rindler Hamiltonian, indicating that
unlike the Minkowski vacuum state, ρthM is not invariant under time translations along
the boost Killing vector. Whereas, in the present case, we have [HbL , ρth] = 0 which
shows that the resulting reduced density matrix is stationary in the accelerated frame.
2.3.1 The calculation
We next proceed to determine the reduced density matrix ρr corresponding to ρth in
Eq.[6]. To do this, we first express ρth completely in terms of the left and right Rindler
basis eigenstates and operators. Our final aim will be to take the trace of ρth over the
right Rindler eigenstates (calculation of ρr for the right Rindler observer follows in a
similar manner). We begin by expressing the Unruh operator d†1k as
d†1k =
[
b†(L)k − q¯ b(R)(−k)
]
p¯ (1− q¯) (7)
where q¯ = exp (−βωk/2) and p¯2 = exp(βωk/2)/[2 sinh (βωk/2)]. Using the basis repre-
sentation of the left and right Rindler eigenstates, the Minkowski vacuum state can be
expressed as
|0M〉 =
∏
k
A2k
∑
n
e−
n
2
βωk |Ln〉 ⊗ |Rn〉 (8)
where A2k is the normalization constant. Substituting the above expansion in Eq.[6] for
the thermal density matrix ρth, we get
ρth =
∏
k
B2kA
2
k
∑
m,p,q
e−mβ
′ωke−
(p+q
2
βωk
(d†1k)
m
m!
|Lp〉 ⊗ |Rp〉〈q|R ⊗ 〈q|L(d1k)m (9)
Next using the commutativity of the left and right Rindler operators[
(b
( ,†)
(L)k, b
( ,†)
(R)k)
]
= 0 (10)
we binomially expand (d†1k)
m to obtain
(
d†1k
)m
=
[−q¯]m−l
[p¯ (1− q¯)]m
m∑
l=0
mCl (b
†
(L)k)
l (b(R)(−k))
m−l (11)
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Substituting the above expression in Eq.[9], ρth can be completely expressed in terms
of the left and right Rindler basis eigenstates and operators as
ρth =
∏
k
C2k
∑
m,p,q,l,l′

e−mβ′ωke− (p+q2 βωk [−q¯]2m−l−l′
[p¯ (1− q¯)]2m


×
[
mCl
mCl′
pPm−l
qPm−l′
m!p!q!
]
Θp−m+lΘq−m+l′
×(b†Lk)p+l(b†R(−k))p−m+l|L0〉 ⊗ |R0(−k)〉〈0(−k)|R ⊗ 〈0k|L(bR(−k))q−m+l
′
(bLk)
q+l′
where C2k = B
2
kA
2
k and Θx is the Heaviside step function. Simplifying the above
expression, we get
ρth =
∏
k
C2k
∑
m,p,q,l,l′

e−mβ′ωke− (p+q2 βωk [−q¯]2m−l−l′
[p¯ (1− q¯)]2m


×
[
mCl
mCl′
pPm−l
qPm−l′
m!p!q!
]
Θp−m+lΘq−m+l′
×
√
(p+ l)!(q + l′)!(p−m+ l)!(q −m+ l′)!
× |L(p+ l)〉 ⊗ |R(p−m+ l)〉〈(q −m+ l′)|R ⊗ 〈(q + l′)|L (12)
It is convenient to take the trace of ρth in the above form. Tracing over the right
Rindler states, we get
ρr(left) =
∑
X
〈X|R ρth |RX〉
=
∏
k
C2k
∑
m,p,l,l′
[
e−mβ
′ωke−(p+l
′)βωk
[p¯ (1− q¯)]2m
] [
(−l)l+l′ mCl mCl′ pPl
m!p!
]
Θp−l
×(p +m− l)! |R(p− l +m)〉〈(p− l +m)|R (13)
where we have summed over X, q and used the symmetry of l → (m − l) and l′ →
(m − l′). Further making the shift p → (p + l), it is possible to separate the terms
involving l and l′. We get
ρr(left) =
∏
k
C2k
∑
m,p,l,l′
[
e−mβ
′ωke−pβωk
p!m!
] [
(−l)l+l′ mCl mCl′e−(l+l′)βωk
]
×(p+m)! |R(p+m)〉〈(p+m)|R (14)
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where we have used the definitions of p¯ and q¯. We can now sum over l and l′ to get
ρr(left) =
∏
k
C2k
∑
m,p
m+pCm
[
e−(β
′+β)ωk(eβωk − 1)
]m
e−pβωk |R(p+m)〉〈(p+m)|R
=
∏
k
C2k
∑
p
[
1 + e−(β
′−β)ωk(1− e−βωk)
]p
e−pβωk |Rp〉〈p|R (15)
where the normalization constant C2k can be obtained as C
2
k = (1− e−βωk)(1− e−β′ωk).
One should note that the above form of ρr is exact and does not involve any approxima-
tion. The expectation value of the number operator give us the frequency distribution
of particles seen by the left Rindler observers. We find
〈N kleft〉 = Tr[ρr(right)b†(R)kb(R)k]
=
1
(eβωk − 1) +
1
(eβ′ωk − 1) +
1
(eβ′ωk − 1) (eβωk − 1) (16)
2.4 The result
Here, it is advantageous to introduce the following two (partition) functions,
(Zβk )
−1 = (1− e−βωk) (17)
(Zβ
′
k )
−1 = (1− e−β′ωk) (18)
We can recast the reduced density matrix in Eq.[15] in a much simpler form in terms
of these functions. We get
ρr(left) =
∏
k
(ZβkZ
β′
k )
−1
∑
p
[
1− (ZβkZβ
′
k )
−1
]p |Lp〉〈p|L
=
∏
k
(Z¯ leftk (β, β
′))−1
∑
p
[
1− (Z¯ leftk (β, β ′))−1
]p |Lp〉〈p|L (19)
where we have defined Z¯k(β, β
′) to be Z¯k(β, β
′) = ZβkZ
β′
k . One can aslo rewrite the
thermal density marix in Eq.[4] in term of the function (Zβk )
−1 to get
ρ(thermal) =
∏
k
(Zβk )
−1
∑
p
[
1− (Zβk )−1
]p |Lp〉〈p|L (20)
From the above form of the thermal density matrix, we can read off Zβk to be the
partition function for a single mode of frequency ωk corresponding to a thermal bath
at temperature β−1. Similarly, Zβ
′
k is the partition function corresponding to a thermal
bath at temperature (β ′)−1. Comparing the expression for the reduced density matrix
in Eq.[19] with that of the thermal form, we can see they have the same structural
form ρ = Z−1
∑
n(1 − Z−1)n |n〉〈n|. Further, we can read off Z¯k(β, β ′) = ZβkZβ
′
k to
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be the effective partition function of ρr(left). For these type of structural forms, the
expectation value of the number density Nk turns out to be just Nk = Zk − 1. This
can easily be verified for ρr(left) in Eq.[19].
There are several interesting features of the reduced density matrix which we will
list below.
1. The effective partition function Z¯k(β, β
′) has a simple product structure given
in terms of two thermal partition functions with temperatures (β ′)−1 and β−1 as
Z¯k(β, β
′) = ZβkZ
β′
k . This by itself is a remarkable result.
2. Due to the product nature, the reduced density matrix has an symmetry, ρ(β, β ′) =
ρ(β ′, β). Thus, purely within the thermodynamic domain, the Rindler observer
cannot distinguish between the thermal effects due to the thermal bath tempera-
ture and those due to the acceleration temperature. This symmetry strengthens
the indistinguishability of quantum and thermal fluctuations previously known
in the case of vacuum states. This aspect was discussed in detail in a separate
paper [7].
3. When there is no thermal bath present, that is, when (β ′)−1 → 0, we have
Zβ
′
k → 1. We then retrieve the Davies-Unruh bath, ρr → ρunruh as expected.
Similarly, when the acceleration a goes to zero, that is, when β−1 → 0, we have
Zβk → 1. Then we retrieve the initial thermal bath ρr → ρthermal, again, as
expected.
4. The resulting form of ρr is not thermal. Also, it does not seem possible to simply
define an effective temperature for the system. Even, in the special case β = β ′,
we have Z¯k(β, β
′)β=β′ = (Z
β
k )
2 and hence no thermality.
5. In the regime, βω ≪ 1 and β ′ω ≪ 1, we have upto quadratic order
Z¯k(β, β
′) = 1− ββ ′ω2k (21)
Thus scaling β → αβ and β ′ → β ′/α leaves the effective partition function
unchanged upto quadratic order.
For the sake of completeness, we give below the expression for the reduced density
matrix for the right Rindler observer as well. It is obtained by tracing over the left
Rindler states in a similar manner as in the left Rindler case.
ρr(right) =
∏
k
C2k
∑
m,p
mp+Cm
[
e−(β
′+β)ωk(eβωk − 1)
]m
e−pβωk |Rp〉〈p|R
=
∏
k
C2k
∑
p
[
1− e−(β′+β)ωk(eβωk − 1)
]−p−1
e−pβωk |Rp〉〈p|R (22)
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The normalization constant C2k is found by the normalization condition Tr(ρr) = 1
to be C2k = (1 − e−βωk)(1 − e−β′ωk)/[1 − (1 − e−βωk)e−β′ωk ]. In terms of the partition
functions Zβk and Z
β′
k , the ρr(right) simply becomes
ρr(right) =
∏
k
(ZβkZ
β′
k − Zβ
′
k + 1)
−1
∑
p
[
1− (ZβkZβ
′
k − Zβ
′
k + 1)
−1
]p |Lp〉〈p|L
=
∏
k
(Z¯rightk (β, β
′))−1
∑
p
[
1− (Z¯rightk (β, β ′))−1
]p |Lp〉〈p|L (23)
The expectation value of the number operator is
〈Nright〉 = Tr[ρr(right)b†(R)kb(R)k ]
=
1
(eβωk − 1) +
1
(eβ′ωk − 1) (eβωk − 1) (24)
From the above expression one can see that the contribution from the thermal bath
1/
(
eβ
′ωk − 1
)
is absent as compared to that in Eq.[16] for the left Rindler observer.
This is due to the asymmetric construction of the Unruh modes in terms of the left and
right Rindler modes and as mentioned earlier, since in the present context, we have
chosen the modes corresponding to d†1k, d1k, it is appropriate to trace over the right
Rindler modes to avoid tracing over the thermal bath itself.
3 Entanglement entropy of ρr
We calculate the entanglement entropy associated with the reduced density matrix ρr.
The entropy is given by the familiar expression
S¯ = −Tr(ρr ln ρr) (25)
Substituting Eq.[19] in the above expression, we get
S¯ = −∑
k
ln Z¯−1k −
∏
k
Z¯−1k
∑
p
(1− Z¯−1k )pp
∑
m
ln(1− Z¯−1m )
= −∑
k
ln Z¯−1k −
∑
k
〈N kleft〉 ln(1− Z¯−1k ) (26)
where we have used the definition 〈N kleft〉 =
∑
p pZ¯
−1
k (1 − Z¯−1k )p and Tr(ρk) = 1 to
arrive at the last expression. We know that the expression of entanglement entropy
for vacuum state, excited states contain divergences and hence we expect the same to
happen in the case of S¯ as well. However, since we will be mainly interested in the
difference between the entropy of two different states, we expect these divergences to
cancel and lead to meaningful physical expressions. We first calculate S¯ − Sβ where
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Sβ is the entanglement entropy corresponding to the Davies-Unruh thermal density
matrix in Eq.[4]. We get
∆S1 = S¯ − Sβ
= −∑
k
ln
Z¯−1k
Z−1β
−∑
k
〈N kleft〉 ln(1− Z¯−1k )−
∑
k
〈N kβ 〉 ln(1− Zβk
−1
)
= βδE1 −
∑
k
ln
(
1− e−β′ωk
)
−∑
k
〈N kleft〉 ln
[
1 + (eβωk − 1)e−β′ωk
]
(27)
where δE1 =
∑
k ωk
(
〈N kleft〉 − 〈N kβ 〉
)
= Tr(H(ρr − ρβ)) is the difference between the
energies associated with ρr and ρβ respectively. The above expression is exact. Further,
consider the case where T ′ is small, which is the case when the backreaction of the
thermal bath on the background flat metric is negligible. In this regime, we have
β ′ → ∞ and e−β′ωk ∼ x ≪ 1. We next expand Eq.[27] upto linear order in the
parameter x. It is easy to check that the last two terms in Eq.[27] do not contribute
in the linear order whereas only the first term survives. Hence, we finally get
∆S1 ≈ δS1 ≈ βδE1 (28)
which is the result we wanted to prove. We find that although ρr is not thermal, in the
regime e−β
′ωk ≪ 1, the differences in entropy and energy of the two states obey the first
law of thermodynamics with the temperature involved being the Unruh temperature
of the Rindler horizon.
Similarly, exploiting the symmetry of β and β ′, one can show
δS2 = S¯ − Sβ′
≈ β(E¯ − Eβ′) (29)
when e−βωk ≪ 1. Physically this would correspond to the limit T → 0 when the
acceleration of the Rindler observer is small.
4 Discussion and conclusions
We have obtained an exact closed expression of the reduced density matrix for an
uniformly accelerated observer with acceleration a = 2piβ−1 in a thermal bath of tem-
perature (β ′)−1. To summarize, we found that the reduced density matrix has a simple
form given as
ρr =
∏
k
(Z¯k(β, β
′))−1
∑
p
[
1− (Z¯k(β, β ′))−1
]p |Lp〉〈p|L (30)
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The effective partition function Z¯k(β, β
′) has a simple product structure given in terms
of two thermal partition functions as Z¯k(β, β
′) = ZβkZ
β′
k . It is evident that ρr is not a
thermal density matrix, even for the special case of β = β ′ and moreover, due to the
product structure, there is no simple way to combine the two temperatures or even
define an effective temperature for the system. However, due to the product structure,
the reduced density matrix is found to have an additional symmetry ρ(β, β ′) = ρ(β ′, β).
Below, we discuss the various features related to ρr. First, we begin by looking at
the functional form of the resulting density matrix. It can be simply expressed as
ρ{n} = Z
−1(1− Z−1)n (31)
The above form of the distribution obeys the simplest version of the principle of max-
imal entropy wherein one extremizes the entropy S along with all the information
which is available [10, 11]. This can be demonstrated as follows: In most of the
simplest cases, one has the following three inputs. First, the entropy of the system
given by S = −Tr(ρ ln ρ). Second the normalization condition Tr(ρ) = 1 and third,
Tr(ρnˆ) = 〈n〉 where the expectation value 〈n〉 is given or prescribed (Instead of 〈n〉,
one could also be given 〈E〉 = ω〈n〉, the average energy of the system). Then the
maximal entropy principle demands the following to hold.
δ

−∑
{n}
ρ{n} ln ρ{n} + C1
∑
{n}
nρ{n} + C2
∑
{n}
ρ{n}

 = 0 (32)
where C1 and C2 are the Lagrange multipliers corresponding to the two constraint
equations. It can be easily verified that ρ of the form in Eq.[31] satisfies the above
extremum where one has fixed one of Lagrange multipliers using the normalization
condition Tr(ρ) = 1 and the second Lagrange multiplier has been expressed in terms
of 〈n〉 which is assumed to be given. The expectation value 〈n〉 can further be expressed
in terms of the effective partition function Z through the relation 〈n〉 = Z − 1 which
holds for the form of the ρ in Eq.[31].
Second, the effective partition function we have obtained is a product of two ther-
mal partition functions at different inverse temperatures, β and β ′. Usually, in the
study of statistical mechanics of a system, one encounters a similar product in the case
of non-interacting sub-systems in equilibrium with a thermal bath at a common tem-
perature β. For example, consider a system of N non-interacting particles in thermal
equilibrium. The total partition function for the system is simply given as
ZT = Tr(e
−βH1−βH2−···)
= Z1Z2 · · ·ZN (33)
In the present context, one may be tempted to conclude that the thermal bath with
partition function Zβ
′
k and the Davies-Unruh bath with partition function Z
β
k are not
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interacting with one another and each bath maintains its own thermal equilibrium
at its respective temperature. However, this would be incorrect since from the form
of the number density of particles, 〈N kleft〉 in Eq.[16], one can see that it contains
a term involving a product of planckians with inverse temperature β and β ′. This
extra term signifies that even though the effective partition function is a product,
there are quantum correlation present between the two thermal baths. This is to be
expected since the tracing operation non-trivially entangles the left and right modes
thereby introducing correlations between the two baths. Further, it is obvious that
the reduced density matrix cannot be expressed in the form similar to Eq.[33], that
is ρ 6= e−βH1−βH2 (when the two temperatures are equal) which is required for the
sub-systems to be non-interacting systems. Instead, from Eq.[19], we see that ρr is of
the form ρr ∝ (1− Z1Z2)nˆ which essentially mixes the two baths.
Third, let us next define nβk = 1/(e
βωk − 1) and nβ′k = 1/(eβ′ωk − 1). In terms of
these, the expectation value 〈N kleft〉 in Eq.[16] can be written as
〈N kleft〉 = nβk + nβ
′
k + n
β′
k n
β
k
= nβ
′
k + n
β
k
(
nβ
′
k + 1
)
(34)
The above spectrum of particles can be explained in the usual way (see for example,
ref [12]) in terms of spontaneous and stimulated emission of particles. Consider the
nβk
(
nβ
′
k + 1
)
term first. The +1 inside the bracket indicates the spontaneous emission
of nβk in the absence of n
β′
k , which is just the Unruh effect, while the product n
β
kn
β′
k
signifies the stimulated emission of additional nβ
′
k due to the ambient Davies-Unruh
bath nβk . The remaining first term n
β′
k is just the distribution of particles in the original
thermal bath. One can also note that 〈N kleft〉 is symmetric in nβ
′
k and n
β
k . Thus, it
is possible to explain the stimulated and stimulated emission processes with the roles
reversed between nβ
′
k and n
β
k too. Such a symmetry was pointed out earlier in [11, 12]
in the case of black hole immersed in a background thermal bath. However, in the
present case, the reduced density matrix also has an additional symmetry in β ⇔ β ′
which in turn implies the symmetry in nβ
′
k ⇔ nβk .
Further, if one considers the high frequency regime where e−β
′ωk ∼ x ≪ 1, and
e−βωk ∼ y ≪ 1 then one can neglect nβ′k ≈ e−β′ωk compared to 1 in the second term in
the above equation. In that case, we get upto linear order in x and y
〈N kleft〉 ≈ nβk + nβ
′
k (35)
Thus, the interaction term is sub-dominant in the high frequency regime where the
quantum effects become more and more local suggesting that the cross-correlations
between the two thermal baths exists mostly on large scales compared to β and β ′.
This conclusion is coherent with an earlier result [13] where we showed that there are
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anisotropies in the quantum correlations in fluctuations of the Davies-Unruh bath at
scales larger compared to temperature β−1 of the bath, however in the high frequency
limit, these differences vanish and one recovers the classically expected isotropy in the
correlations.
Finally, we conclude by mentioning that even though ρr is not thermal, the differ-
ence in the entanglement entropies S¯ − Sβ corresponding to the thermal bath and the
Davies-Unruh bath respectively, follow the first law of thermodynamics and is related
to the difference of the respective energies δE1 = Tr(H(ρr−ρβ)) as δS1 ≈ βδE1 in the
β ′ωk ≫ 1 regime with the temperature T being the Unruh temperature of the Rindler
horizon.
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